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HYPERBOLA
A conic section is said to be a hyperbola if it’s eccentricity is greater than 1.
The equation of a hyperbola in the standard form is x*/a*~y?/b® = 1.
In the hyperbola x?/a? — y?/b? = 1, b? = a?(e’- 1).

For the hyperbola x%/a* — y’/b? = 1, there are two vertices A(a, 0), A’(-a, 0) ; two foci S(ae, 0),
S'(-ae, 0) ; two directrices x = + ale and two axes of which one is transverse axis (principal axis) y
= 0 and the other is conjugate axis x = 0.

A point (X1, y1) is said to be an
i) external point to the hyperbola XY~ _ if XL _Yi
i) external point to the hyper Oaa—z—b—zzll a—z—b—2<1

. : x> y? e xf yE
i) internal point to the hyperbola 2, =11if 2 b >1

A hyperbola is said to be a rectangular hyperbola if the length of it’s transverse axis is equal to
the length of it’s conjugate axis.

The eccentricity of a rectangular hyperbola is /2 .

XZ
2

2
- ;’—2 =-1are called conjugate hyperbolas.
a

X2 y2
The hyperbolas P 1and

If e, e, are the eccentricities of two conjugate hyperbolas then e? +e3 = eZe3.

A chord passing through a point P on the hyperbola and perpendicular to the transverse
axis(Principal axis) of the hyperbola is called the double ordinate of the point P.

A chord of the hyperbola passing through either of the foci is called a focal chord.

A focal chord of a hyperbola perpendicular to the transverse axis (Principal axis) of the hyperbola
is called latus rectum. If the latus rectum meets the hyperbola in L and L’ then LL' is called
length of the latus rectum.

2 y2 . 2p2
The length of the latus rectum of the hyperbola — e =11s -
a

2 2
If P is a point on the hyperbola X—Z—z—z =1 with foci S and S’ then PS’ - PS = 2a.
a

The equation of the hyperbola whose transverse axis is parallel to x-axis and the centre at (a, B) is
(c-af (y-BF _,

a’ b?
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The equation of the hyperbola whose transverse axis is parallel to y — axis and the centre at (o, pB)
2 2
iS (y_B) _ (X_OL) =1.
b2

a2

We use the following notation in this chapter

2 2
s=X Y 1.5 =_W1_19,=5(,y)=L_YL_1 §,=XX2_Y¥o 4
a’ b a? b? (1) a? b? a’ b2

2 2
Let P(xy, y1) be apointand S = X—2 - Z—z ~1=0 be a hyperbola . Then
a

i) P lies on the hyperbolaS=0«< S;; =0
il) P lies inside the hyperbolaS =0« S;1 >0
iii) P lies outside the hyperbolaS =0 < S13 <0

The equation of the chord joining the two points A(X1, 1), B(Xz, y2) on the hyperbolaS=01is S; +
Sg = 512.

The equation of the tangent to the hyperbola S =0 at P(xy, y1) is S; = 0.
a’x  b?y

2 2
The equation of the normal to the hyperbola X—2 - Z_Z =1at P(xy, y1) is ~ SC a?+b?.
a 1 1

2 2
The condition that the line y = mx + ¢ may be a tangent to the hyperbola *- - Y - 1is ¢’=a’m*-b’
a~ b

2 2
The equation of a tangent to the hyperbola X—Z - ZT =1may be taken as y=mx + ya?m? -b? . The
a

2 2
point of contact is [_i m %] where ¢? = a’m?® - b®,

2 2
The condition that the line Ix + my + n = 0 may be a tangent to the hyperbola :—Z—Z—2=1 is
a’l’ — b’'m? = n?.

Two tangents can be drawn to a hyperbola from an external point.

2 2
If my, m; are the slopes of the tangents through P to the hyperbola X—z—y—zzl, then m; + m, =
a“ b

2X1Y1 _
— 5 Mimz=

Xi-a x? -a

yi +b*
.

The locus of point of intersection of perpendicular tangents to a hyperbola is a circle concentric
with the hyperbola. This circle is called director circle of the hyperbola.
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. o X2 y?2 . 2 22 42
The equation to the direction circle of _2_b_2:1 iSX“+y =a"-b".
a

The locus of the feet of the perpendiculars drawn from the foci to any tangent to the hyperbola is a
circle concentric with the hyperbola. This circle is called auxiliary circle of the hyperbola.

y2

. - . )(2 . 2 2 _ .2
The equation to the auxiliary circle of e =1ISX"+y =a%,

The equation to the chord of contact of P(x1,y1) with respect to the hyperbolaS=01is S; = 0.

The equation of the polar of the point P(x3, y1) with respect to the hyperbola S =0 is S;= 0.

2 2
The pole of the line Ix + my +n = 0 (n = 0) with respect to the hyperbola S = 2. -¥_ -1 =0'is
a

b2
~a?l b'm
n'n |
The condition for the points P(X1, Y1), Q(X2, Y2) to be conjugate with respect to the hyperbola S =0
is S =0.

Two lines L; = 0, L,= 0 are said to be conjugate lines with respect to the hyperbola S = 0 if the
pole of Ly =0 lieson L, =0.

The condition for the lines I;x + myy + ny = 0 and I,x + mpy + n, = 0 to be conjugate with respect
to the hyperbola x%/a? — y?/b? = 1 is al3l, — b? mym; = nyn,.

The equation of the chord of the hyperbola S = 0 having P(x1, y1) as it’s midpoint is S; = Sy;.
The equation to the pair of tangents to the hyperbola S =0 form P(x1, y1) is Si° = S1:S.

The tangents of a hyperbola which touch the hyperbola at infinity are called asymptotes of the
hyperbola.

The equation of the asymptotes of the hyperbola S = 0 are gi % =0
] ] x2 y2 . X2 y2
The equation to the pair of asymptotes of PO 1i PO 0.

The equations to the pair of asymptotes and the hyperbola differ by a constant.
Asymptotes of a hyperbola passes through the centre of the hyperbola.

Asymptotes are equally inclined to the axes of the hyperbola.

The angle between the asymptotes of the hyperbola S = 0 is 2Tan™ b/a or 2 sec™ e.

A point (x, y) on the hyperbola x*/a* - y /b’ = 1 represented as x = a sec@, y = btan® in a single
parameter 6. These equations x = asecO, y = btan6 are called parametric equations of the
hyperbola x?/a* — y?/b* = 1. The point (a sec , b tan®) is simply denoted by 6.
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A point on the hyperbola x*/a® — y*/b? =1 can also be represented by (a cosh 0, b sinh 0). The
equations x = acosh®, y = bsinh 0 are also called parametric equation of the hyperbola x*/a? —
yih?=1.

2 2
The equation of the chord joining two points o and 3 on the hyperbola :—2—;'—2 =11is

X a— .o+ o+
—COS—B—XSII'] B = COos B

a 2 b 2 2

2 2
The equation of the tangent at P(6) on the hyperbola X—Z—Z—z =1is gsec 0 —%tane =1.
a

. x2 y? . ax by 2,12
The equation of the normal at P(0) on the hyperbola = -2 =1is ——+——-=a°* +b*.
a? b? secO tan@

The curve represented by

S=ax’ + 2hxy +hy? + 2gx + 2fy + ¢ =0 is

i) a pair of parallel lines if h?=ab, abc + 2fgh — af* — bg” - ch? = 0

ii) a parabola if h? = ab, abc + 2fgh — af* = bg® —ch® = 0

iii)an ellipse if h? < ab

iv)acircleifa=b,h=0,g°+f-ac>0

v) a pair of intersecting lines if h? > ab, abc + 2fgh — af* — bg® —ch? = 0
vi)a hyperbola if h?>ab, abc + 2fgh — af® — bg? — ch 0.

The equation to the pair of asymptotes of the hyperbola ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0 is ax

+ 2hxy + by? + 2gx + 2fy + ¢ - —2 ~=0.
ab-h

2

2 2
The condition that the line Ix + my + n = 0 to be a normal to the hyperbola X—z—y— =11s
a

b2
a’? b? !az +b?]
The equation of a rectangular hyperbola whose asymptotes are the coordinate axes is xy = c®.

The parametric equation of xy = ¢ are x=ct, y =c/t.
The eccentricity of xy = ¢ is 2



